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We propose a scheme for generating squeezed states in solid state circuits consisting of a nanomechanical
resonator (NMR), a superconducting Cooper-pair box (CPB) and a superconducting transmission line resonator
(STLR). The nonlinear interaction between the NMR and the STLR can be implemented by setting the external
biased flux of the CPB at certain values. The interaction Hamiltonian between the NMR and the STLR is derived
by performing Fro¨hlich transformation on the total Hamiltonian of the combined system. Just by adiabatically
keeping the CPB at the ground state, we get the standard parametric down-conversion Hamiltonian. The CPB
plays the role of “nonlinear media”, and the squeezed states of the NMR can be easily generated in a manner
similar to the three-wave mixing in quantum optics. This is the three-wave mixing in a solid-state circuit.
PACS numbers: 03.67.Lx,07.79.Cz, 33.40.+f
I. INTRODUCTION
Mechanical harmonic oscillator plays an important role in
the historical development of quantum mechanics. The har-
monic oscillator problem was one of the few completely solv-
able problems when one began to learn quantum mechanics.
Due to the macroscopic nature, the experiments of mechan-
ical harmonic oscillators didn’t achieve much progress for a
quite long time, however. Recently, with the development
in quantum information processing, people are now search-
ing for possible applications of mechanical harmonic oscil-
lator in this field, and evidence for quantized displacement
in a nanomechanical harmonic oscillator has been observed
[1]. Many good physical ideas about the harmonic oscilla-
tor came up, though this system is rather simple. Squeezed
state was one of them. Squeezed state provides a good ex-
ample of the interplay between experiment and theory in the
development of quantum mechanics. Statistical properties of
squeezed states have been widely investigated and the pos-
sibility of applying squeezed states to study the fundamental
quantum physics phenomena, as well as to detect the gravita-
tional radiation, has been recognized [2, 3].
Though the idea of squeezed states originated from me-
chanical harmonic oscillator, the first experiment realization
was the squeezed states of electromagnetic field in nonlinear
quantum optics[4, 5]. In the nonlinear optical experiments,
three-wave and four-wave mixing were two main methods to
generate squeezed states. If one injects low energy photons
into a nonlinear optical medium, the second harmonic gen-
eration may be induced and this forms a squeezed state, this
procedure is called three-wave mixing. Though the theory of
four-wave mixing was more complicated, the first squeezed
state of electromagnetic field was implemented in this sys-
tem. And recently, the theory of generating squeezed states in
a high-Q cavity was considered [6].
Recently, there has been significant progress in realizing
quantum optics in solid state electrical circuits. This new sub-
ject has a nickname “circuit quantum electrodynamics (circuit
QED)” [7, 8, 9, 10]. The extreme strong coupling limit in
cavity QED has been implemented experimentally with cir-
cuit QED systems, such as superconducting charge qubit and
superconducting transmission line resonator (STLR) system
[11], flux qubit and quantum LC oscillator system [8], and
phase qubit and nanomechanical resonator (NMR) system (
which is a mechanical harmonic oscillator) [12].
Because of the extreme strong coupling in circuit QED,
generating squeezed states in such systems became very in-
teresting and attracted much attention [13, 14, 15, 16, 17, 18].
In Ref. [13], using two modes of the STLR coupled to a su-
perconducting charge qubit simultaneously, the authors stud-
ied microwave parametric down-conversion and discussed
the squeezed states of one mode of the STLR. In the other
Refs.[14, 15, 16, 17], the authors discussed the generation of
squeezed states of NMR. The generation of squeezed states of
NMR in these schemes use either the operations on the qubit
or dissipation and measurement to produce the needed nonlin-
earity.
In this paper, we propose a scheme for generating squeezed
states of NMR in circuit QED, and it is similar to the three-
wave mixing in optical cavity experiments. Our proposal is
based on the system consisting of a superconducting Cooper-
pair box (CPB), also a superconducting charge qubit, a NMR
and a STLR. We find that with certain biased conditions of
the CPB, the nonlinear process can be implemented and the
squeezed states of NMR can easily be generated. The nonlin-
ear interaction can be switched on and off at will by chang-
ing the external biased flux of the CPB. By controlling the
gate charge ng > 1/2 and/or ng < 0, one can get different
squeezed variables x and/or p. Compared with other schemes,
our scheme is more simple and effective in generating the
squeezed states. In this scheme, the state of CPB is adiabati-
cally kept in its ground states, and does not need qubit oper-
ations so that it avoids the restriction set by the decoherence
time of the qubit.
2gC
gV
e
)
$

FIG. 1: (Color online) Schematic diagram of combined system of
a STLR, a NMR and a superconducting CPB. The STLR (the blue
line) is shown at the bottom, and at the top is the NMR (the red line),
which is one part of the SQUID.
II. THE MODEL
The system under consideration is shown in Fig.1. A STLR
(the blue line at the bottom of Fig.1) is placed close to a CPB.
The state of CPB is separately controlled by the gate voltage
Vg through a gate capacitance Cg . The CPB is also coupled to
a large superconductor reservoir through two identical Joseph-
son junctions with capacitance CJ and Josephson energy EJ ,
and this forms a superconducting quantum interference de-
vice (SQUID) and is also the basic configuration of supercon-
ducting charge qubit. The SQUID configuration allows one to
apply external flux to control the Josephson energy. For su-
perconducting charge qubits, the capacitance Cg is much less
than CJ . In this regime a convenient basis is formed by the
charge states, characterized by the number of Cooper pairs
n on the CPB. In the neighborhood of ng = 1/2, only two
charge states |N〉 and |N + 1〉 play a role, while all other
charge states, having a much higher energy, can be ignored.
In this case, the Hamiltonian of the CPB reads [22]
Hq = −1
2
Ec(1− 2ng)σz − EJ cos(piΦe
Φ0
)σx, (1)
where Ec = (2e)2/(2CΣ) is the charging energy, CΣ =
2CJ + Cg is the total capacitance saw by the CPB, ng =
CgVg/(2e) is the gate charge induced by the gate voltage, and
Φe is the externally applied flux.
For a CPB fabricated inside a STLR, there is not only the dc
voltage Vg but also a quantum part Vq applied on the gate ca-
pacitance. The quantized voltage at the antinode z = L/(2k)
of the STLR takes it’s maximum amplitude [7]
Vq =
∑
k
V k0 (ak + a
†
k), V
k
0 =
√
~ωk
Lc
.
Here, ωk = kpi/(L
√
lc), with L, l and c being the length,
the inductance and capacitance per unit length of the STLR,
respectively. At low temperatures, there is only one mode of
the STLR, say ωk = ωa, that couples to the CPB, then the
quantum voltage applied on the gate capacitance beomesVq =
V0(a + a
†). The Hamiltonian of the joint system (STLR and
CPB) has a spin-boson form
H1 = −1
2
Ec(1− 2ng)σz − EJ cos(piΦe
Φ0
)σx
+
eCgV0
CΣ
(a+ a†)σz + ~ωaa
†a. (2)
Now we consider the coupling between the NMR and the
CPB. A NMR is fabricated as a part of the SQUID, which
has a length L and widthW, as shown in Fig.1. Considering
the small displacement of the NMR, the effective area of the
SQUID is S = W(L + x), where x is the displacement op-
erator and x =
√
~/(2Mωb)(b + b
†), with ωb and M being
the frequency and mass of the NMR, respectively. Thus the
flux bias of the SQUID is Φe = Φ0e + BWx, where Φ0e is
the flux bias corresponding to the equilibrium position of the
NMR [14]. With the total flux bias, the effective Josephson
coupling energy of the SQUID becomes
EJ (x) = −EJ cos pi(Φ
0
e +BWx)
Φ0
. (3)
The Hamiltonian of the total system, including STLR, NMR
and CPB reads
H2 = −1
2
Ec(1− 2ng)σz − EJ cos pi(Φ
0
e +BWx)
Φ0
σx
+
eCgV0
CΣ
(a+ a†)σz + ~ωaa
†a+ ~ωbb
†b. (4)
It’s obviously that the Josephson coupling energy Eq.(3) is a
nonlinear function of x and can be expanded to
EJ (x) = −EJ [cos(piΦ
0
e
Φ0
) cos(
piBWx
Φ0
)
− sin(piΦ
0
e
Φ0
) sin(
piBWx
Φ0
)]. (5)
In general, x is very small, then the first and second term of
Eq.(5) can be discarded and expanded to the first order of x,
respectively. In this way, one can get the linearized function
of Josephson coupling energy of x, and there is only linear
interaction terms remained in Hamiltonian (4). As pointed by
Zhou et al. [14], the nonlinearity of the Josephson coupling
energy in x shouldn’t be neglected all the time, and it would
be important for the generation of squeezed states.
III. SQUEEZING OF NMR
In the past years, two cavities interacting with a two-level
atom has been widely studied [19, 20, 21], they focused on
the linear interaction in such systems. Here, we study the
nonlinear interaction in the STLR, NMR and CPB system.
An important nonlinear effect is the generation of squeezed
3states, which is an outstanding task in quantum mechanics. In
the following we show how we realize the nonlinear interac-
tion and how we can use the nonlinear interaction to generate
squeezed states. Our method is similar to the three-wave mix-
ing in quantum optics.
In order to realize nonlinear interaction, one can bias the
SQUID at Φ0e = mΦ0, here m is an integer, and expand the
Josephson energy to the second order in x, then the Hamilto-
nian (4) becomes
Ht = ~ωaa
†a+ ~ωbb
†b− 1
2
Ec(1− 2ng)σz − (−1)mEJσx
+~λa(a
† + a)σz + ~λb(b
† + b)2σx, (6)
where
λa =
eCg
~CΣ
√
~ωa
Lc
, λb =
(−1)mEJ (piBW)
2
4MωbΦ20
.
In the following we choose the eigenenergy basis (spanned
by |0〉 = sin(θ/2)|N + 1〉 + cos(θ/2)|N〉 and |1〉 =
cos(θ/2)|N+1〉−sin(θ/2)|N〉) to simplify the above Hamil-
tonian. Here, θ = tan−1[(−1)m2EJ/(Ec(1 − 2ng))] is the
mixing angle. In the representation of eigenenergy basis of the
CPB and under the rotating-wave approximation, the Hamil-
tonian (6) is simplified to
H = ~ωaa
†a+ ~ωbb
†b− 1
2
~Ωρz
+~ga(a
†ρ− + aρ+) + ~gb(b
†2ρ− + b
2ρ+), (7)
where Ω =
√
E2c (1− 2ng)2 + 4E2J/~, ρz = |0〉〈0| − |1〉〈1|,
ρ+ = ρ−
† = |1〉〈0|, ga = −λa sin θ and gb = λb cos θ.
Assuming the detunings between the CPB and the STLR
and the NMR satisfy the large detuning limits, that is |∆a| =
|Ω − ωa|, |∆b| = |Ω − 2ωb| ≫ ga, gb, then the variables
of the CPB can be adiabatically eliminated by performing the
Fro¨hlich transformation [26] on the total Hamiltonian (7). Di-
viding the Hamiltonian (7) into two parts H = H0+HI , with
H0 = ~ωaa
†a+ ~ωbb
†b− 1
2
~Ωρz,
and
HI = ~ga(a
†ρ− + aρ+) + ~gb(b
†2ρ− + b
2ρ+).
Apply a unitary transformation HS = e−SHeS with the gen-
erator S = ga(a†ρ− − aρ+)/∆a + gb(b†2ρ− − b2ρ+)/∆b,
and expandHS to second order in gi/∆i (i = a, b), we obtain
the effective Hamiltonian
HS = ~(ωa − g
2
a
∆a
ρz)a
†a− 1
2
~(Ω +
2g2b
∆b
+
g2a
∆a
)ρz
+~(ωb +
2g2b
∆b
− g
2
b
∆b
ρz − g
2
b
∆b
b†bρz)b
†b
−1
2
~gagb(
1
∆a
+
1
∆b
)(a†b2 + b†2a)ρz . (8)
If the CPB is adiabatically kept on the ground state, the effec-
tive Hamiltonian becomes
HS = ~(ωa − g
2
a
∆a
)a†a+ ~(ωb +
g2b
∆b
− g
2
b
∆b
b†b)b†b
−1
2
~gagb(
1
∆a
+
1
∆b
)(b†2a+ a†b2). (9)
In general, ωa ≫ g2a/∆a and ωb ≫ g2b/∆b, then the effective
Hamiltonian can be approximated as
HS = ~ωaa
†a+~ωbb
†b− 1
2
~gagb(
1
∆a
+
1
∆b
)(b†2a+a†b2).
(10)
In the interaction picture, the Hamiltonian (10) reads
HI(t) = −1
2
~gagb(
1
∆a
+
1
∆b
)(b†2aeiδt+ a†b2e−iδt), (11)
where δ = 2ωb − ωa. If δ = 0, that is ωa = 2ωb and ∆a =
∆b = ∆, in this situation the Hamiltonian becomes
HI(t) = ~κ(b
†2a+ a†b2), (12)
where κ = −gagb/∆ is the coupling constant between the
STLR and NMR.
In the parametric approximation, the Hamiltonian (12) be-
comes
HI(t) = ~κβ(b
†2e−iφ + b2eiφ), (13)
where β and φ is the amplitude and phase of the STLR which
is in a coherent state. The time evolution operator of the NMR
in the interaction picture reads
U(t) = e−iκβt(b
†2e−iφ+b2eiφ). (14)
In fact, the time evolution operator (14) is the squeezed oper-
ator of the NMR. For a time duration τ , the squeezed operator
reads
S(ξ) = e−i
ξ
2
(b†2e−iφ+b2eiφ), (15)
where ξ = 2κβτ is the effective squeezed parameter. For
the NMR initially in the vacuum state |0〉 and φ = pi/2,
the variance in the two quadratures x = x0(b† + b) and
p = ip0(b
† − b), where x0 =
√
~/(2Mωb) and p0 =√
~Mωb/2, can be calculated directly using the transforma-
tion S†(ξ)bS(ξ) = b cosh ξ − b† sinh ξ,
∆x =
√
〈x2〉 − (〈x〉)2 = x0e−ξ, (16a)
∆p =
√
〈p2〉 − (〈p〉)2 = p0eξ. (16b)
And the NMR is in the squeezed state
|ξ〉 = S(ξ)|0〉 = e− ξ2 (b†2−b2)|0〉. (17)
If the NMR in the coherent state |α〉 initially, one can generate
the ideal squeezed state |ξ, α〉 = S(ξ)|α〉.
To estimate the squeezed efficiency, we choose the typi-
cal parameters in current solid-state circuits experiments as
4follows: EJ/2pi = 4 GHz, Ω/2pi = 10 GHz, ωa/2pi =
2ωb/2pi = 3 GHz, Cg/CΣ = 0.1, B = 0.2 T, W = 1µm,
V0 = 2µV, and x0 = 10−12 m. We can get two different val-
ues of coupling constant κ/2pi ≈ 0.6 Hz with ng > 1/2 and
κ/2pi ≈ −0.6 Hz with ng < 1/2.
In the above discussion, we have assumed an ideal situa-
tion in which the noise and fluctuations were not included.
The noise in the CPB may not be considered in our scheme
because the CPB can naturally stay in it’s ground state at low
temperatures for a very long time. Here we investigate the
effect of a finite linewidth D induced by phase fluctuations
in driving coherent state on the squeezing properties of the
NMR, as has been done in three-wave mixing in quantum op-
tics.
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FIG. 2: (Color online) Squeezed efficiency ∆x/x0 versus ξ for dif-
ferent ratios (a) D/2κβ = 0, (b) D/2κβ = 0.001, (c) D/2κβ =
0.01, (d) D/2κβ = 0.05.
For the linewidth D, and in the limit D ≪ τ−1 ≪ 2κβ, the
variances in the two quadratures are given by [2]
∆x = x0
√
e−2ξ + (
Dτ
2
)e2ξ, (18a)
∆p = p0e
ξ
√
1− 2Dτ. (18b)
In Fig.2, we have plotted ∆x/x0 versus ξ for various ratios of
D/2κβ. The variances in the amplitude of x increases due to
the phase fluctuations in the driving coherent state. There is a
minimum in ∆x/x0 which decreases with increasingD/2κβ.
It’s evident from Eq.(18a) that the phase fluctuation in driv-
ing coherent state would affect the squeezed efficient severely
with increasing time τ due to the existence of e2ξ .
IV. DISCUSSION AND CONCLUSION
Our scheme is much different from the existing ones such
as Refs.[13, 14, 15, 16, 17]. In our scheme, it doesn’t need any
operations on the CPB and doesn’t use dissipation and mea-
surement to generate the needed nonlinearity. It just needs to
adiabatically keep the CPB in it’s ground state. Our scheme
can greatly decrease the effect of the decoherence of the CPB
on the squeezed efficency. The CPB plays the role of non-
linear media as in quantum optics, and our result is similar
to the three-wave mixing. By controlling ng > 1/2 and/or
Ng < 1/2, we can get different squeezed variables x and/or
p.
In conclusion, we proposed a scheme for generating
squeezed states in solid state circuits system. In such a sys-
tem, a NMR is fabricated as a part of a SQUID, which consists
of a CPB, and a STLR is capacitively coupled to the CPB. The
nonlinear interaction between the CPB and the NMR can be
implemented by setting the external biased flux of the CPB at
some certain values. By performing Fro¨hlich transformation,
we can get the nonlinear Hamiltonian of parametric down-
conversion of the STLR-NMR system. In our scheme, the
CPB plays the role of “nonlinear media” and the squeezed
states of the NMR can be generated in a manner similar to the
three-wave mixing in quantum optics.
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